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Abstract. We compute the universal deformations of cuspidal representa- 
tions TT of GL2(i^) over Fj, where F is a local field of residue characteristic p 
and I is an odd prime different from p. When -n is supercuspidal there is an 
irreducible, two dimensional representation p of Gp that corresponds to tt via 
the mod I local Langlands correspondence of [Vi2]; we show that there is a 
natural isomorphism between the universal deformation rings of p and tt that 
induces the usual (suitably normalized) local Langlands correspondence on 
characteristic zero points. Our work establishes certain cases of a conjecture 
of Emerton [Em] . 

1. Introduction 

A standard technique in the theory of automorphie forms is to study their varia- 
tion in algebraic famiUes, and to compare such famihes of forms to famiUes of Galois 
representations. On the other hand, many questions about automorphie forms are 
much more naturally phrased in the language of automorphie representations. It is 
thus natural to try to study the variation of automorphie representations in families. 
Unfortunately, at present there is no good notion of automorphie representations 
over rings other than fields of characteristic zero, and hence no good notion of a 
family of automorphie representations. 

If one instead works in a local setting, say with admissible representations of re- 
ductive groups over a local field F, the situation is much better. Indeed, Vigneras 
[Vil] has extensively studied the representations of such groups over general coef- 
ficient rings. Moreover, in the case of GL„ she obtains a mod I local Langlands 
correspondence for GL„(F) [Vi2], when the characteristic of F is different from 
I, that is compatible in a certain sense with "reduction mod /" from the classical 
(characteristic zero) local Langlands correspondence. 

Vigneras' results provide a framework in which one can study the deformation 
theory of mod I admissible representations of GL„(i^). It is then natural to ask if 
one can extend the mod I local Langlands correspondence to deformations; that is: 
if TT is the admissible representation associated to a representation p of Wp by mod 
I local Langlands, then is there a natural bijection between deformations of p and 
those of TT? Such a bijection would amount to a "local Langlands correspondence 
in families." 

We address this question in the case when tt is a supercuspidal representation 
of GL2(F) over F; (so p : Wf GL2(Fi) is irreducible.) In this case tt admits a 
universal deformation, which we compute via the theory of types. Using the explicit 
description of local Langlands due to Bushnell-Henniart [BH] , we show that there 
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is a natural isomorphism between the universal deformation ring of tt and the 
universal deformation ring of p (see Theorem 6.1 for the precise statement.) This 
gives a bijcction between deformations of p over a complete Noethercan local M^(F/)- 
algebra A and deformations of tt over A, extending the ordinary local Langlands 
correspondence. 

The question of constructing a local Langlands correspondence of GL2 in al- 
gebraic families has also been considered in [Em]. Emerton considers families 
of two-dimensional representations p oi Gp over reduced complete Z-torsion free 
Noethercan local VF(fc)-algebras A, and shows that for such a representation there 
is at most one admissible A[GL2(F)]-module tt such that: 

• TT is A-torsion free, 

• at generic points 77 of Spec A, the smooth dual 7r,y of tt^ corresponds to 
under a certain "modified local Langlands correspondence" , and 

• at the closed point x of Spec A, tt^ is a quotient of the Tr{px)'^ , where 
Tr{px) is the representation attached to px by this modified local Langlands 
correspondence. 

(We refer the reader to Theorems 1.2 and 1.3 of [Em] for details.) Emerton conjec- 
tures further that such a tt always exists; our result establishes this in the case when 
Px is absolutely irreducible. (More precisely, in this setting p is a deformation of px', 
Theorem 6.1 gives a corresponding deformation of '^{px), and the representation tt 
conjectured by Emerton is the smooth dual of this deformation.) 

The structure of the paper is as follows: we begin by studying the deformation 
theory of a representation of a finite group over a finite field k of characteristic 
I, and show that a very naive approach to constructing the universal deforma- 
tion (that proceeds essentially by concatenating the characteristic zero lifts of this 
representation) actually produces a deformation that "agrees with the universal 
deformation up to Z-torsion." We give a criterion in terms of character theory for 
this naive deformation to be universal. The next section applies this theory for 
mod I representations of GL2(Fq), where I is odd and prime to q. 

In section 4 we turn to the deformation theory of cuspidal representations tt of 
GL2(F) over F/, where F is a local field with residue field F,. This proceeds by 
the theory of types; we show that deforming such a representation is equivalent to 
deforming its type. We then use this to attach to a supercuspidal tt a character 
X of either or , where i? is a quadratic extension of F, in such a way that 
deformations of tt are naturally in bijection with deformations of x- (See Theo- 
rem 4.9 for details.) We also compute the universal deformations of representations 
of TT that are cuspidal but not supercuspidal; although this is not necessary for our 
main results it is of a piece conceptually with the ideas described here, and has 
applications to Emerton's conjecture that we will address in a future paper. 

The deformation theory of two-dimensional irreducible representations of Gp is 
well-understood, and we summarize the necessary facts in section 5. Combining 
this with the explicit local Langlands for GL2 of [BH] establishes Theorem 6.1. 

We would like to thank Richard Taylor and Matthew Emerton for many valuable 
discussions, and Jared Weinstcin for his comments on an earlier version of this 
paper. 
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2. Deformation Theory 

Wc begin with some general preliminaries on the deformation theory of repre- 
sentations of a finite group G. Let fc be a finite field of characteristic / and let tt be 
an absolutely irreducible /c-representation of G. Attached to tt we have the univer- 
sal deformation ring i?""''^ of tt; it parameterizes lifts of tt to representations over 
finite length local M^(fc)-algebras with residue field k. The ring i?""'^ is a complete 
Noetlierian local iy(fc)-algebra, with residue field fc, and comes equipped with is a 
universal representation tt""''^ of G over i?"'"^, and an isomorphism: 

L : Tt""'^ ®flu„.v fc = TT. 

We refer the reader to [Ma] for more details. 

Under certain hypotheses that we explain further below, it is possible to compute 
the ring i?™'^ directly from the character table of G. We begin by constructing a 
particular deformation of tt: 

Let K be an algebraic closure of the field of fractions of M^(fc), and let O be the 
ring of integers in K. We say a /ST-reprsentation tt of G lifts tt if there is a G-stable 
O-lattice ttq in tt such that ttq ®o k is isomorphic to tt (8)^ fc. One sees easily that 
the set S of isomorphism classes of such tt is in bijection with the set of JsT-points 
of Spec i?™^. 

For TT in S, let Kj^ be the minimal field of definition of tt. Define: 

rk ■■= n 

ires 

ttk := Jl TT. 

s-es 

In the definition of ttk we consider each tt to be a representation over K^^ so that 
ttk is an i?if-representation of G. 

Each TT arises by base change from tt"'"^ via a canonical map Kj^; 
together these give a canonical map i?"'"^ Rj^. Let R be its image, and let tt^j 
be the representation tt""'^ ®^univ R. We have ttj( = tt^ (8^ Rk- 

On the other hand, let Rq be the Vl^(fc)-subalgebra of R generated by the traces 
of elements cr of G on ttji. By [Ca], Theorem 2, ttr is defined over Rq. Thus the 
surjection 

i?™'^ ^ R 

factors through Rq. We must therefore have Rq = R. 

One thus has an explicit description of R in terms of the character table of G: 
for each a in G, let be the element of Rk defined by: 

(xct)* = tro-|s-. 

Then Xa is the trace of a on ttr, and hence R is simply the W^(fc)-algebra generated 
by the x^. 

Remark 2.1. The closed immersion Speci? — > Speci?"'"^ induced by the above 
surjection is a bijection on ii'-points. One can show that the nilpotents of i?"'"^ 
are supported on the special fiber of Speci?"'"^; it follows that after inverting I the 
map i?""'^ ^ i? is an isomorphism. In other words R is simply the quotient of 
^univ |-jy /-power torsion. We will not make use of this, however. 



4 



DAVID HELM 



We will give criteria for the natural map i?™'^ — > i? to be an isomorphism. For 
each TT, let e# be the idempotent in K[G] corresponding to tt. Also note that for 
any finite length local W^(fc)-algcbra A with residue field k, and any deformation tta 
of TT, the center Z{W{k)[G]) of H^(fc)[G] acts on tta by scalars because of Schur's 
lemma. We thus obtain a natural map Z{W{k)[G]) A. 

Theorem 2.2. Suppose that the following conditions both hold: 

(1) The sum := X^fres ^* ^*es in 0[G], and 

(2) For any finite length W{k)-algebra A with residue field k, and any deforma- 
tion TTA of IT, the W{k)-subalgebra Aq of A generated by the traces tralT^j^ 
for a G G is contained in the image of the natural map Z{W{k)[G]) — > A. 

Then the natural map i?""'^ R is an isomorphism. 

Proof. The second condition implies that the natural map Z{W{k)[G]) Ris sur- 
jective; i.e. R is generated by the endomorphisms of tt/j arising from class functions 
in VF(fc)[G]. Let ai, . . . , be such class functions, and let P G W(k)[xi, . . . ,Xr] be 
a polynomial such that P(ai, . . . , a^) annihilates tt/j. Wc will show that P(ai, . . . , Or) 
annihilates any A-deformation tta of tt, over any A. 

It suffices to show this after making a base change from W{k) to O. Note that 
is the identity on tt for any tt, and hence is the identity on tt. By Nakayama's 
lemma it follows that Cj^tta = t^a- It thus sufRces to show that e-r^P^ai, . . . , a^) 
is zero in 0[G], or even in iir[G]. As a K[G] module, eT^K[G] is a direct sum of 
copies of various tt G S*. Each such tt arises by base change from tth and hence is 
annihilated by P{ai, . . . , a^), as required. 

It follows that any such P{ai, . . . , a^) annihilates tt""'^. We thus obtain a well 
defined map 

R Rl"'^ 

that, given an clement of R, lifts it to an clement of Z{W{k)[G]) and sends it to 
the corresponding element of i?""''^. It suffices to show this map is surjcctive. But 
by [Ca], Theorem 2, i?""''^ is generated by the traces of elements of G on tt""'^, and 
hence (by condition 2) by the image of Z(l/l/^(fc)[G]) in i?™'^. Since this is in the 
image of R the result follows. □ 

3. Representations of GL2(Fq) 

We now apply the results of the previous section to the group G = GL2(Fq), for 
g = p''. We first recall some basic facts about the representation theory of G (see 
for instance [BH]. chapter 6). Let B be the standard Borel subgroup of G, iV its 
unipotent radical, and T the standard torus in B. Finally, let Z denote the center 
ofG. 

Let K be an algebraic closure of Qi , and consider two characters 4>i,4>2 ■ — > 
. We can view the pair , 02 as a character of T in the obvious way, and extend 
it to a character (f) of B trivial on N. Then the representation Ind^ cf) is irreducible 
of dimension g+l if 0i 7^ ^2- If = 02? then Ind^ (f) decomposes as a direct sum of 
the character 0i o det with an irreducible "Steinberg representation" of dimension 

q- 

Those irreducible i^-representations of G that do not occur as subquotients 
of some Ind^ (p are called supercuspidal. and can be constructed as follows: Let 
■0 : ^ A'^ be a nontrivial character. Fix a subgroup E oi G isomorphic to 
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F^2, and a character 9 : E ^ K^, such that d'' ^ 9. Consider the character 9^^ of 
ZN defined by 9^{zu) = 9{z)ip{u) for z E Z , u E N . Then one can compute the 
character of the virtual representation 

Tig Indf jv ^0 - Indi 9. 

One has: 

tr7rg(z) = {q-l)e{z) for z € Z 
tr7rg(zii) = -(){z) for z e Z, u e iV \ {Id} 

ivKglt) ^ foriGT\Z 
tr7r,-(y) = -~9{y) - O^iv) ioryeE\Z. 

This exhausts the conjugacy classes of G, and one easily verifies that tt^ is an 
irreducible representation of G of dimension q — 1. Moreover, tt^ is independent of 
ip. We have iTg = tt^, , and tt^ ^ Hg, unless 9' G {6*, 6'''}. A simple count then shows 
that every supercuspidal A'-representation of G is of this form. 

We also observe that the representation Ind^ i/j contains every irreducible repre- 
sentation of G except for those of the form (0iodct), with multiplicity one (c.f. [BH], 
p. 48.) 

From this information it is straightforward to compute the irreducible represen- 
tations of G over F;, for / odd and prime to p. (All that is necessary is modular 
character theory at the level of [Se], chapter 18.) This is well-known, but we sum- 
marize the results below for ease of reference: 

Since the order of G is [q^ — l){q^ ^ o): if ? is not congruent to ±1 mod / the 
representation theory over F/ is "the same" as in characteristic zero; reduction mod 
I takes the character of a representation in characteristic zero to the character of the 
corresponding representation mod I, and this correspondence is a bijection. There 
are thus two cases of interest to us: I an odd divisor of either q — 1 ov q + \. 

First assume g = 1 mod I. Given 4>i,4>2 '-^q —>■ F; we obtain a character cj) of 
B as above; then Ind^ cj) is irreducible if 0i 4>2, and splits as a direct sum of a 
character and a Steinberg representation otherwise. 

The irreducible representations that do not arise in the above way can be de- 
scribed as follows: for each character 9 : F^2 — > F; , satisfying 9'' ^ 9, we can lift 

6* to a character 9 with values in . It is easy to see by computing the modular 
character that the mod / reduction of tTq is an irreducible F;-representation ng of 
G, that depends only on 9 and not on 9. As in characteristic zero, we have ng = ngi 
if, and only if, 9' G {9,9'^}. A counting argument shows that every irreducible 
F; -representation of G that does not arise from parabolic induction is of the form 

TTg. 

If g = —1 mod /, the situation is slightly different. As in the previous case, 
given 01, (j>2 we have Ind^ (f) irreducible if 0i ^ (f>2- On the other hand, if (fii =02, 
the Jordan-Holder constituents of Ind^ consist of two copies of the character 
(01 o det) and an irreducible representation tt^^ of G of dimension q — I. The 

representation tt^^ can be described as follows: let 9 : ¥^2 Iff be defined by 
9{x) = 0i(x^+^). Then 9"^ = 9, but we can lift 6' to a character 9 with values in a 
field of characteristic zero. Moreover, since q = —1 mod I, we can choose 9 such 
that 9"^ ^ 9. (This is easily seen to be possible only when q is congruent to — 1 
mod /.) Then the characteristic zero representation TTg reduces mod I to tt^^. (One 
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verifies that the mod I reduction of tt^ is irreducible and that its modular character 
agrees with that of tt^^.) Conversely, if 9 : ¥^2 ¥^ is a character satisfying 
6'' = 6, then we have 6{x) — 4>i{x'^'^^) for some character (pi of F^; we define irg 
to be the representation tt^^ constructed above. The representations ng are not 
supercuspidal, as they arise as Jordan-Holder constituents of a representation of 
the form Ind^ 0, but they are cuspidal; i.e., they do not arise as subrepresentations 
of a representation of the form Ind^ (f>. 

As in the q = I mod I case, the remaining representations of G over F; are 
parametrized by the characters 9 : ¥^2 ¥^ such that 6" ^ 9. Given such a 
character we define 7rg to be the mod I reduction of tt^, where 9 is any lift of 9 to 
characteristic zero. As before, ttq does not depend on the particular 9 chosen, and 
is an irreducible supercuspidal representation of G over F;^ . 

Now fix a particular q, I, and 9 : ¥^2 ¥^ . We require that 9 admits a lift 9 

to characteristic zero such that 0' ^9; in this case the representation ng is well- 
defined. Let k be a finite field of characteristic I over whice ng is defined. Our main 
goal is to apply the theory of the previous section to the deformation theory of irg. 
Let Sg denote the set of equivalence classes of characters 9 : ¥^2 such 

that 9^ ^ 9 and the mod I reduction of 9 is 9. We consider two such characters 9, 9' 
equivalent if 6*^ = 9\ and use the notation [9] for the equivalence class of 9. (Note 
that this equivalence relation is trivial unless O'^ = and / divides g + 1.) Then 
the correspondence 9 ng defines a bijection between the equivalence classes in 
Sg and the lifts of ng to representations over K. 

Proposition 3.1. The conditions of Theorem 2.2 apply to ng. 

Proof. For each 9 Q Sg, let be the idempotent in K[G] corresponding to ng. The 
idempotent e^^ appearing in condition 1) of Theorem 2.2 is given by: 

CTTe = Sg- 
SeSg 

It follows directly from our calculation of the characters of the representations ng 
that Ctto lies in ©[G], so condition 1) is satisfied. 

We now turn to condition 2) of Theorem 2.2. Note that it suffices to verify this 
condition after base change from W{k) to W{k'), for k' a finite extension of k. We 
may therefore assume we have a nontrivial character of N with values in fc^; 

lifts uniquely to a character 5* with values in W{k)^. We consider 5* and ^' as 
characters of ZN that are trivial on Z. We may also assume that all rtth roots of 
unity are in k for n\q'^ — 1, and n prime to I. (In other words, that all characters 
E ^¥1^ take values in k^ .) Let x be the restriction of 9 to the center Z of G, and 
extend it to a character of ZN trivial on N. Note that Res^ ng = Indf jy X^- 

Let A be a finite length H^(fe)-algebra with residue field k, and let nA be an 
A-deformation of ng. Let XA be the central character of nA. By definition, Z 
acts on nA by XA] since N has order prime to / and ng contains a subspace on 
which N acts by x, nA contains a A'^-stablc direct summand on which N acts by 
Vl*. Thus nA contains a ZA^-subrepresentation isomorphic to xa"^, so we obtain a 
nonzero map Indf ^ xa*& — *■ Res^ nA. This map reduces modulo the maximal ideal 
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ruA of A to the corresponding map Ind^Ar ~^ ^^e, which is an isomorphism of 
^-representations. Thus Kcs'^tta is isomorphic to Ind^^rXA^- 

One sees easily from this that for any a G B, the trace of a on it a is in the subalge- 
bra of A generated by xa{Z), and hence in the image of the map Z {W {k)[G]) A. 
Since any ct in G is conjugate either to an element of B or an element oi E \ Z, it 
remains to verify condition 2) for elements of E\Z . 

Suppose first that I does not divide 9 — 1. Let a be an element oi E \ Z, and 
note that there are q{q — 1) elements conjugate to a. The element: X^o-'^o- 
Z(Vl^(fc)[G']) acts on tta with trace q{q — 1) tr(o') on tta- On the other hand, it acts 
on TTA by a scalar c so its trace is {q — l)c. Thus tr((j) is | which indeed lies in the 
image of Z{W{k)[G]) in A. 

Now suppose that I does not divide q + 1. In this case Res^ Trg is a sum of 
characters 9' : E ^ , where 9' agrees with x on Z and 9' {0,6"}. There are 
exactly g — 1 such 9' and each occurs with multiplicity one. Moreover, each such 
6' admits a unique lift to an ^4^ -valued character 6*^ such that 9'^{(j) = XA{cr) for 
a G Z. Then Res^ tta is the direct sum of these 0^. 

It follows that for a G E, the trace of a on XA is given by ~9a{(j) ~ d\{a), where 
9a is the unique lift of 9 that agrees with XA on Z. Since I does not divide q + 1, 
we can write a = tt' where r is in Z and r' has order prime to I. Then 9a{t') is 
just the TeichmuUer lift of 9{t'), and therefore lies in the image of W{k) in A. On 
the other hand, 6'a(''') is equal to xa{t), and hence lies in the image of Z {W {k)[G]) 
in A. □ 

This gives us an explicit description of the universal deformation ring of 
TTg. In particular, the maps 

4 : - K 

arising from the representations tt^ for 9 G Sg identify i?""'^ with the W(k)- 
subalgebra of Jl[e]eS8 generated by the elements Xa for G G, where 

(a;cr)[0] = trajTr-. 

Explicitly, wc have: 

{xa)yg} = {q-l)9{(T) foraeZ 

{xar)^e\ ^ -^(^) foraeZ, reiV\{Id} 

(a;^)[e] =0 forc7er\Z 

{x,\g^ = -9{a)-9i{a) for a eE\Z. 

Suppose 9^9''. Then the equivalence relation on So is trivial, so we can 
simply write 9 in place of [9] when discussing elements of Sg . Define elements of 
HeeSe ^ {yo-)g = H^) foi' o e E. li is clear that i?™''^ is contained in the W(k)- 
subalgebra of Hees^ ^ generated by the y„. On the other hand, this subalgebra is 
simply the universal deformation ring of 9. We thus obtain a map 

r>univ , Duniv 

Theorem 3.2. The map 

r>univ Duniv 

is an isomorphism. In particular there is a natural bijection between A- deformations 
of TTg and A- deformations of 9 that induces the correspondence 9 1-^ TTg on lifts of 9 
toK"". 
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Proof. It suffices to show that each is in the M^(fc)-algebra generated by the Xa- 
This is clear for ct G Z; each such i/a is — Xo-r for a nontrivial r in N. 

As 6 takes vahics in a field of characteristic I, it has order prime to I. Thus 9 
has a unique lift 6i to with order prime to I; 6i takes values in W{k)^ . If we let i?' 
be the subgroup of E of order prime to I, then for any 9 in S", is trivial on 
Note that since 9'^'^^ is a nontrivial character, so is 9f^^. 

Then for a E \ Z we have: 

^ 9rHr)[9{ar) + 0^(ar)] = ^ 9{a) + 9r\r)9'^{cr) = m^)~9{<T). 
In terms of the and Xa this becomes: 

for &\\ a E E\Z. As 6*/ takes values in W{k)'^ we are done. □ 

We now turn to the case where 9 = 9'^. In this case q is congruent to —1 mod 
Z, and the equivalence relation on the in 5" is nontrivial. For a G E, define an 
element y^ of n[e]eSe ^ 

(This is clearly independent of the choice of 9 representing [9].) For <t <E ¥^ , y^ 
is simply an element of W{k)^ . In particular the elements y^ lie in the W{k)- 
subalgebra of ri[e]6Se ^ generated by the x^', that is, we can consider the j/o- as 
elements of i?™'^. Moreover, each Xa has a simple expression in terms of the y^-- 
Thus i?™''^ is the subalgebra of n[e]eSe ^ generated by the y^- 

As in the 9^9"^ case, let 9i be the unique lift of 9 of order prime to I. (Note 
that since 9 ~ 6*', 9i = 9f and so is not in Sg.) Then 9i takes values in W{k)^ , and 
any lift 9 oi 9 agrees with 9i on E^ . Thus for any t S E^ , j/o-t differs from y„ by 
a scalar factor in iy(A:)^. In particular i?™'^ is generated by y^ for cr of Z-power 
order. In fact, one verifies easily that if a generates the pro-/ part of E, then the 
single element y^ generates all of i?™'^. We will find it slightly more convenient to 
use the generator j/o- — 2 instead; the minimal polynomial of j/o- ~ 2 is the polynomial 
Q defined by 

C'" = l;C5^1 

where n ~ ord;(g^ — 1). We thus have: 

Theorem 3.3. Suppose q is congruent to —1 mod I, and 9^^ = 9. Then for any 
choice of generator a of the pro-l part of E there is an isomorphism 

Ty(fc)[M]/Q(t)^<f 

sending t to y„ — 2. Under this isomorphism, the trace of a on tt^"'^ is —t — 2. 

Thus, for any complete Noetherean local l/l^(fc)-algebra A, and any a in A with 
Q{a) — 0, there is a unique ^-deformation Trg^c of irg for which tr 7re_Q,((T) = —a — 2. 
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4. Cuspidal representations of GL2(i^) 

Wc now turn to the deformation theory of cuspidal representations. Fix ap-adic 
field F, with residue field F^, and a prime I different from p. Our main goal will be 
to compute universal deformation rings of irreducible cuspidal representations tt of 
GL2(F) over F,. 

Definition 4.1. Let tt be an irreducible admissible representation of GL2(F) over 
F;, and let A be a finite length local iy(F;)-algebra, with maximal ideal niA- An 
j4-deformation of tt is a free j4-module tta with an action of GL2(F), together with 
an isomorphism nA/rriATTA — tt, such that tta is smooth; i.e every element of tta is 
fixed by a compact open subgroup of GL2 (F) . 

Note that if J7 is a compact open subgroup of GL2(i^), of order prime to I, then 
taking C/-invarants is exact; it follows that tt^ will be finitely generated for all U 
of this sort. Since such U are cofinal in the set of all compact open subgroups of 
GL2(i^), TTA will be admissible as a GL2(F)-module. 

The key tool we will use to compute the deformation theory of representations tt 
is the theory of types. In characteristic I this theory is due to Vigneras [Vil]. What 
we need will follow most easily from Bushnell-Henniart's very explicit description 
of the types of cuspidal Q;-representations of GL2(i^). 

Fix a character ^ of F of level one, with values in QQ^ . Then for any simple 
stratum (2t, n, a) in M2{F), we have a character -ijja of u!^^^^ defined by 

'ipaix) — ip{tr{a{x — 1)). 

(c.f. [BH], 12.5). Let tpa be the mod I reduction ofipa- We then have: 

Theorem 4.2 ([BH], 15.5). Let tt be an irreducible, cuspidal representation of 

GL ( ~ 

GL2(F) over Qi. Then n = (c-Ind^ ^ A') (x o det), where X is a character of 
and either: 

(1) J = F^ GL2(Cf); (ind the restriction of A' to GL2(C'f) the inflation of 
an irreducible, cuspidal representation o/GL2(Fg), or 

n + l 

(2) there exists a stratum (21, n, a) such that n is odd, J = E^U^^ , and A' 

n + l 

is an irreducible representation of J whose restriction of to U^^ is the 
character tpa, or 

(3) there exists a stratum (21, 71, a) such that n is even, J = E^U^ , and A' is 
an irreducible representation of J whose restriction to U^^^ is a multiple 

Here E is the field F[a\; it is a quadratic extension of F. 

Results of Vigneras ([Vi2], Theorems 1.1 and 1.2) allow us to turn the above de- 
scription into a characterization of supercuspidal representations of GL2(-F) over F;. 
In particular, every such representation tt arises by reduction mod I from a super- 
cuspidal representation tt over Q; whose central character is integral. More precisely 
there is a unique homothety class of lattices in such a tt, and the mod I reduction of 
any such lattice is isomorphic to tt. Thus if we set tt = (c-Indj'"^^^-' A')® (xodet), we 
can find a GL2 (F)-stable lattice in tt by choosing a J-stable lattice in A'® (xodet). 
Reducing this lattice mod I we find: 
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Corollary 4.3. Let tt be an irreducible, supercuspidal representation of GL2(i^) 
over F;. Then tt = (c-Ind*^'"^'^^ A') (g) (0 o dot), where (j) is a character of and 
either: 

(1) J ~ GL2(C'f)j o,nd the restriction of A' to GL2(C'f) is the inflation of 
an irreducible, supercuspidal representation o/GL2(Fg), or 

(2) there exists a stratum (21, n, a) such that n is odd, J ~ E^U^^ , and A' is 
a character of J whose restriction to ^ is 4'a, or 

(3) there exists a stratum (21, ??, a) such that n is even, J = E^U^ , and A' is 
an irreducible representation of J whose restriction to U,^^^ is a multiple 
oftpa- 

Fix a representation tt as in the corollary. It will be convenient to work with a 
certain subgroup U of J, defined as follows: in case 1, [/ is the kernel of the map: 

GL2(Of) GL2(F,). In cases 2 and 3, U is U^^\ Let A = A' ® (^ o det), and 
let V be the subspace of tt on which U acts via A. 

As J normalizes Res^ A, is a J-stable subspace of tt. In fact, we have: 

Lemma 4.4. As representations of J , we have V = A. 

Proof. Clearly A is a J-subrepresentation of tt, and hence also of V. On the other 
hand, as a representation of U, V is a direct sum of copies of Res^ A. By Mackey's 
induction-restriction formula ([Vil], 1.5.5), we have: 

Res^^^^^' TT = ®jgu c-Ind^ngJs-i (Res^ A)^'. 

For each g, let Ug = U D gJg^^ . Then we have 

Hom[/(c-Ind[^^ (Res^ A)f , Res;^ A) = Hom^/^ (Res^^ (A)f , Res^^ A), 

and the latter is nonzero if and only if g intertwines A. By [BH], 15.1, g is then an 
element of J. Thus tt contains exactly one copy of Res^ A, so A must be all of V 
as required. □ 

Proposition 4.5. Let A be a finite length W{¥i)-algebra A, and let tta be a lift of 
TT to a representation over A. The map 

A A ^ c-Ind^^'^^' A^ 
gives a bisection between A- deformations of A and A- deformations of tt. 

Proof. Let tta be an A-deformation of tt. Since J7 is a p-group, the representation 
Res^ A lifts uniquely to A; let V be the ^-submodule of it a on which U acts via 
this lift. As an A-module y is a direct summand of tta; its reduction mod I is V . 
Moreover, V is stable under J, and therefore defines an irreducible representation 
Aa of J lifting A. We have a natural map 

c-Ind^^^^^' A A -> TTA 
that reduces modulo to the isomorphism 

T iGL2(F) . 

c-Indj ' A ^ TT. 

As TTA is a free ^-module it follows by the long exact sequence for Tor that this map 
is injective; on the other hand, Nakayama's lemma for admissible representations 
(see for instance [Em], Lemma 2.7) shows that the image of this map is all of tt^. □ 
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The deformations of A are not difficult to understand, as A is "not far from" 
a pio-p group. We will be most interested in the case in which A arises from an 
admissible pair (mod I) (c.f. [BH]. 5.19). 

Definition 4.6. (c.f. [BH], 18.2). An admissible pair (over Fj) is a pair {E,x), 
where is a tamely ramified quadratic extension of F, and x : — > F;^, such 
that: 

• X does not factor through the norm N^/f '■ . 

• Let t/^ be the group of units in O^; congruent to 1 mod p, where p is a 
uniformizer of Ob. If the restriction of x to C/^ factors through Ne/f^ then 
E is unramified over F. 

Two pairs {E,x) ^-nd {E',x') ^-^e isomorphic if there is an isomorphism of j : 
E E' such that x' ° j — X- 

We now describe a "mod version of the parametrization of tame cuspidal 
representations, which associates a supercuspidal representation to an admissible 
pair. We follow [BH], 5.19; little needs to be changed, but we will need the explicit 
description of the parameterization in order to properly understand the deformation 
theory. 

Given {E, x), we first choose a character </> of F^ such that X = (?!> o Ne/f)x\ 
with x' a minimal character of E^ in the sense of [BH], 5.18. There are then three 
cases: 

(1) x' has level 0. In this case E/F is unramified, and the restriction of x' 
to Oe is inflated from a character 6 of F^2, that satisfies 9'' ^ 9. The 
representation of GL2(Fg) then inflates to a representation of GL2(C'_f); 
we extend this to a representation A' of J = i^^ G\^2{Of) be letting F^ 
act via x'- We take A^ = A' (0 o dot), and tt^ = c-Indj^^*"^^ A^. 

n + l 

(2) x' has odd level n. Fix a stratum (2t,n, a), and let J = E^U^^ . We 
take A' to be the character of J whose restriction to E^ is x and whose 
restriction to U<^' is ipa- As above, wc set A^,^ = A' ® (0 o det), and 

-J ,GL2(F) . 

TT^ = c-Ind j ^ ^ A^. 

(3) x' has even positive level n = 2m. In this case E/F is unramified. Fix a 
stratum (21, n, a), and let J = E'^U^. Let O^'^ be the subgroup of 

of units that map to 1 in F,2, and set O^' V^". In [BH], 19.5.4, 

Bushnell-Hcnniart associate to this data an irreducible representation rj of 
depending on x, and show that there is a unique irreducible representa- 
tion A' of J such that: 

• A'|J^ 

• A'|F^ is a multiple of xl^^j and 

• for every root of unity C in \ i^^ , of order prime to p, the trace of 
A'(C) is -X(C)- 

We take A^ = A' ® (0 o det), and (j)^ = c-Indj^"'^' A^. 

Remark 4.7. The construction described above is precisely the mod I reduction 
of the construction of Bushnell-Henniart; that is, if {E,x) is a characteristic zero 
admissible pair whose mod I reduction is (i?,x), then the characteristic zero rep- 
resentation TT^ associated to {E, x) by Bushnell-Henniart reduces mod I to the 
representation tt^ described above. 
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It is fairly straightforward to extend this construction to deformations. We will 
need the following lemma: 

Lemma 4.8. Let J be a locally profinite group and let be a compact normal 
subgroup. Let A be a finite length local W{¥i)- algebra, and let rjA be a finite- 
dimensional representation of over A, such that rjA® A^i is irreducible. Suppose 
rjA extends to an A-representation Ka of J. Then any other extension of rjA to 
a representation of J differs from Aa by twisting by a character of J/J^. 

Proof. Let V and V' be the representation spaces of A and A' respectively; fix 
a J-'^-equivariant isomorphism between them, so that we can consider Aa{t) and 
A^(t) as elements of End(F) for any t E J. Consider the clement Aa{t)~^A'j^{t) 
of End(y). This element commutes with Aa(o') for any a <E J^, and hence is an 
7/A-cquivariant cndomorphism of V. By Schur's lemma A^(r)~^A^(T) is equal to 
Cr times the identity for a scalar Cr G A^ . One verifies easily that c,- = 1 if t G 
and that Crr' ~ CrCr' for all t, t' . In particular r i— > is a character of J/J^, and 
twisting A A by this character yields A^. □ 

Theorem 4.9. Let {E,x) o, (mod I) admissible pair. Then for any finite length 
W{¥i)-algebra A, there are natural bisections between A- deformations XA of Xj 
deformations A-^^a of A^, and deformations tt^.a o/tt^. 

Proof. We have already constructed the bijection between deformations of A^ and 
T^xi so it remains to relate these to deformations of x- We proceed case-by-case. 
Fix a x' ^-iid (j) such that x — x'(0 ° ^e/f) with x' minimal. 

(1) Suppose that x' has level zero. Given a lift x'a x': the restriction of x'a 
to is inflated from a character 6a of F^2 lifting 9. Then tt^^ is an A- 
deformation of tt^; inflating it to GL2(C'_f) and extending it to GL2(0_f) 
by letting act by gives a lift A^ of A'. Conversely, given a lift A^ of 
A', the restriction of A^ to GL2{Of) is inflated from an A-dcformation Tie^A 
of TTg; by Theorem 3.2 1:0, A arises from a (uniquely determined) character 
9a of lifting 9. Let x'a the unique A-deformation of x' that is inflated 
from 9a on and agrees with A^ on . This recovers x'a from A^ and 
gives a bijection between deformations of x' and A'; twisting we obtain the 
desired bijection between deformations of x and deformations of A^^,. 

(2) If x' has odd level n, then A' is a character of E''U<j^^ whose restriction 

to is x': and whose restriction to the pro-p group U^^'^ is a fixed 
character ipa- Given a deformation x'a of x' we let A^ be the character 

whose restriction to E^ is x'a and whose restriction to U^^ is the unique 
lift of "tpa to A. This manifestly yields a bijection between deformations of x' 
and deformations of A'; twisting we obtain a bijection between deformations 
of X and deformations of A^^. 

(3) Suppose x' has even level 2m. Then A' is a representation of J = E^U^; 
its restriction to the normal subgroup of J given by = O^' is 
an irreducible representation r]. If we lift x' to a character x' with values 
in W{¥i)^ (which we can always do), then {E,x') is an admissible pair, 
to which BushncU-Henniart associate a representation A' of J over VF(F;) 
lifting A'. 
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Suppose we have an A-deformation of A'. The restriction of A^ to 
is the unique A-deformation r]A of t], since is a pro-p group. By 
the lemma above, A^ is a twist of A' ^^^^f^j A by a uniquely determined 
character of J/ . 

Now let x'a tic an A-deformation of x'. Define A^ to be the twist of 
A^ •X'H'Cf,) ^ character xUix')"^- This gives a bijection between 

deformations of x' and deformations of A', and is independent of the choice 
of x' . As usual, twisting yields the desired bijection between deformations 
of X a-iid deformations of A. 

□ 

If E/F is ramified, there is an even simpler classification of deformations of tt^: 

Proposition 4.10. Let [E, x) is an admissible pair with E/F ramified, and let (j) he 

its restriction to F^ . Then restriction to F^ is a bijection between A- deformations 
of X o-'f^d A- deformations of (p. In particular giving an A-deformation of tt^ is 
equivalent to giving an A-deformation of its central character. 

Proof. Let 0^ be an A-deformation of 0. The group is generated by the roots 
of unity in E^ (all of which lie in F^), and the pro-p group O^'^ . Thus (pA extends 
uniquely to a character of F^O^ that lifts x- If p is a uniformizer of Oe, then p and 
F^O^ generated E^ , and lies in F^O^, so an extension of (fiA to a character 
XA of E^ lifting x is determined uniquely by a choice of (/>a(p) compatible with the 
(already determined) value of (/)a(P^)- In particular ^^(p) must be a square root of 
(f>A{p)'^ that reduces to xa{p) modulo I; as / is odd there is a unique choice of 0a (p)- 
Thus 0A extends uniquely to a character XA of E^ lifting x, as required. □ 

Remark 4.11. We will also be concerned with the deformations of supercuspidal 
representations tt over F; that correspond via mod / local Langlands to primitive 
representations- that is, to representations of Gp that are not induced from char- 
acters. These do not come from admissible pairs via the above construction. On 
the other hand, they only occur when g is a power of 2, and have a very specific 
form: by the construction in the proof of [BH], Theorem 50.3, they arise (up to a 
twist) from ramified simple strata of odd level; that is, up to twisting every such tt 

is of the form c-Ind j A, where A is a character of J. J = E^Uf^^ for some 
stratum (U,n,a), and E/F is ramified. Deformations of such tt are in bijection 
with deformations of A and (by the same argument as in case 2 of Theorem 4.9) 
therefore in bijection with deformations of the restriction of A to E^ . The above 
proposition then shows that such deformations are determined by their restriction 
to . It follows that in this case deforming tt is equivalent to deforming the central 
character of tt. 

Finally, we will need to understand the deformation theory of a particular admis- 
sible representation that is cuspidal but not supercuspidal. Such representations 
only occur when q is congruent to —1 mod /, and are equal to a twist by (0 o det) 
of the "Weil representation" 7r(l) described in [Vil], II. 2. 5. From our perspective, 
7r(l) is most conveniently characterised as follows: let tti be the cuspidal repre- 
sentation of GL2(Fg) associated to the trivial character of F^a, and let A be the 
representation of J = F^ GL2(C'_f) such that F^ acts trivially and GL2(C'_f) acts 
via TTi. Then 7r(l) is given by Indj'"^'^'' A. 
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By Theorem 3.3, the universal deformation of tti is defined over the ring R = 
W(¥i)[[t]]/Q{t). Define a representation A"'"^ of J over R[[x]] for which F"" acts 
via the unramificd character that takes a uniformizer of Op to 1 + 0;, and GL2(Of) 
acts via the universal deformation of tti . 

Proposition 4.12. The ring is isomorphic to W{¥i)[[x,t]]/Q{t). The uni- 

veral representation tt""''^ is given by Indj'"^^^' A""'^. Under these identifications, 
the central character of is the unramificd character that takes a uniformizer 

of Op to l + x. Moreover, if U is the kernel of the map GL2(C'i?) ^ GIj2(¥q), then 
GL2(Fq) acts on the U -invariants o/p™^ by the deformation TTi.t of ni over R^'^^. 

Proof. The same argument as in the supercuspidal case shows that giving an A- 
deformation of 7r(l) is the same as giving an A-deformation of A. It thus suffices 
to show that A""''^ is the universal deformation of A. By the same argument as in 
the level case of Theorem 4.9, deforming A is the same as giving a deformation 
of its (trivial) central character and a deformation of tti . The representation A^"''^ 
is clearly universal for such a pair of deformations. Moreover, the [/-invariants of 
^univ construction tti^^. □ 

5. Representations of G_f 

We now turn to the Galois side of the local Langlands correspondence. We begin 
by studying the first-order deformations of two-dimensional representations of G_f 
over F/. Let w be the cyclotomic character of Gp with values in W{¥i), and let uj 
be its reduction mod I. 

Lemma 5.1. Let p be an irreducible representation of Gp over F;. Suppose q is 
not congruent to 1 mod I. Then: 

• H^(Gp, p) is one- dimensional if p is trivial or p = lo, and is zero otherwise. 

• H^(Gp,p) is one- dimensional if p = u and is zero otherwise. 
If q is congruent to 1 mod I, then: 

• H^{Gp,p) is two-dimensional if p is trivial and is zero otherwise. 

• H^(Gp,p) is one- dimensional if p is trivial and is zero otherwise. 

Proof. This is an easy application of inflation-restriction. □ 

Proposition 5.2. Let p be an irreducible two-dimensional representation of Gp 
over F; . Then either: 

• there exists a character ^ of Gp, where E is the unique unramificd quadratic 
extension of F , such that p = Ind^^ ^, or 

• the map pA 1^ det pA gives a bijection between A- deformations p of p and 
deformations of dot p. 

Proof. It suffices to show that if H^{Gp, Ad'^ p) is nonzero, then there exists an ^ 
as above. By the lemma, this can only happen if Ad" p contains a character as a 
Jordan-Holder constituent. Since I is odd, Ad'' p is naturally a direct summand of 
Ad p and is therefore a 3-dimensional self-dual representation of Gf- In particu- 
lar, if Ad° p contains a character as a Jordan-Holder consituent then it contains 
a character as a subrepresentation. Then v is a subrepresentation of Ad p; by 
Schur's lemma is a nontrivial character of Gp. We therefore have an isomorphism 
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p = p ® V. Considering determinants we find that is trivial. Let E' be the qua- 
dratic extension of F corresponding to the kernel of v. Then the restriction of Ad p 
to Ge' contains two copies of the trivial character, so p becomes reducible when 
restricted to Ge' ■ If we let ^' be a character of Ge' contained in the restriction of 
p, then p - Indg^, 

We then have a direct sum decomposition: 

Ad% = © Indg^, 

where a generates Gal(£"/^"). If the second direct summand is irreducible, then v 
must be equal to oj in order for Ad° p to have nontrivial cohomology. In particular 
E' is unramified over F^ so E' = E. (Note that then q must be congruent to —1 
mod I.) 

On the other hand, if the second direct summand is reducible, then Ad" p is the 
direct sum of three characters, which must be nontrivial by Schur's lemma. Again, 
one of these characters must be w in order for Ad° p to have nontrivial cohomology. 
It follows that p = p®uj, and thus (as with v), ui has exact order 2. The kernel of 
Lu is thus G^;; it follows that p is induced from a character of as required. □ 

Proposition 5.3. Let ^ be a character of Ge, and let p = Ind^^ ^. Suppose p is 
absolutely irreducible. Then 

U ^ Indg^ U 

induces a bijection between A- deformations of ^ and A- deformations of p. (This 
gives a natural isomorphism i?™'^ ^ 

Proof. By induction on the length of A, it suffices to prove this for first-order 
deformations. The first order deformations of ^ are a torsor for H^{Ge, 1), where 
1 denotes the trivial character of Ge- The map 

H\Ge,1) H\GF,Adp) 

that induces a first order deformation of ^ from G^ to Gf is clearly injective. The 
dimension of H^{GF,-Adp) is two if Adp contains uj and one otherwise. As in the 
proof of the previous proposition, if Adp contains to then co is trivial on G^;. 

On the other hand, by the lemma H^{Ge, 1) is two-dimensional if uj is trivial on 
Ge, and one-dimensional otherwise, so the result follows. □ 

The deformations of a character of the Galois group of a local field are easy to 
describe: let ^ be a character of Gi? with values in , and let ^ : Ge — * W(Fi)^ 
be its TeichmuUer Hft. Then i?™'^ is isomorphic to VF(F;)[[t]][C]/(C'" - 1), where 
n is equal to ordi{q — 1). Define a deformation ^""'^ of ^ by =£,£,', where ^' is 
the character that takes a Frobenius element Fr to 1 -)- i and a generator a of the 
Z-part of If to (. Local class field theory easily shows that ^""''^ is the universal 
deformation of ^. 

6. The deformation-theoretic correspondence 

We are now in a position to relate the deformation theory of an admissible rep- 
resentation TT over a finite field of characteristic / to the representation p attached 
to TT by the local Langlands correspondence. Throughout we use the Tate normal- 
ization for the local Langlands correspondence; this has the advantage that tt and 
p have the same field of definition. This normalization differs from the more usual 
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normalization by a twist by an unraniificd character; it has the property that the 
central character of tt corresponds to uj det p via local class field theory. 

Since we are primarily interested in deformation theory, we will work with con- 
tinuous representations of Gf, rather than the Weil-Deligne representations usually 
considered in the Langlands correspondence, as the latter do not behave well from 
a deformation-theoretic perspective. Over F; this makes no difference, as any Weil- 
Deligne representation arises from a unique representation of Gf in this setting. In 
characteristic zero this is not true, but we will (somewhat abusively) say that an 
admissible representation tt and a continuous Galois representation p "correspond 
under local Langlands" if the Weil-Deligne representation arising from p corre- 
sponds to TT under the more usual notion of the local Langlands correspondence. 
(This, of course, does not give a bijection between irreducible Galois representations 
and cuspidal admissible representations, as not every Weil-Deligne representation 
comes from a representation of Gf • On the other hand, integral irreducible repre- 
sentations of Wf over a local field of residue characteristic I- those that contain a 
lattice- do arise from representations of Gp-) 

Bushnell-Henniart give the following description of the characteristic zero local 
Langlands correspondence for representations arising from admissible pairs: (for 
details, see [BH], section 34.) If an admissible representation tt over arises from 
an admissible pair {E, x) then the corresponding Galois representation p is equal 
to Indg^ I for some character ^ of Ge- Moreover every such p arises in this way. 
If E/F is unramified then there is a character A of E^ , independent of X) such 
that ^ corresponds to xA. via class field theory. (If E/F is ramified, there is still 
an explicit description of ^ in terms of x i but it is more complicated and depends 
on x\ we will not make use of this.) 

The mod I local Langlands correspondence is compatible with reduction mod I 
for cuspidal representations, and so is the process that associates a representation 
of GL2(-F) to an admissible pair. Thus if tt is a mod I admissible representation 
attached to an admissible pair (i?, x), we can choose a lift (i?, x) to characteristic 
zero; this gives a characteristic zero representation tt lifting tt. The Galois repre- 
sentation p corresponding to tt is induced from a character ^ of Ge with values in 
Q;^ . Then the representation p attached to tt is just the reduction mod I of p, so 
p is induced from a character ^ of Gf with values in F; . In this manner we see 
that the statements of the previous paragraph hold mutatis mutandis for the mod 
I local Langlands correspondence. 

This allows us to prove: 

Theorem 6.1. Let tt be a supercuspidal representation of GL2(-F) over a finite 
field of characteristic I and let k be its field of definition. Let p be the Galois 
representation corresponding to tt under mod I local Langlands. Then there is a 
unique isomorphism of W{k) -algebras: 

nuniv , rjuniv 

with the property that the induced map i?"'"^(Q;) -Rp"'^(Qz) is the characteristic 
zero local Langlands correspondence. 

Proof. Such an isomorphism is clearly unique if it exists. We begin by working 
with deformations over iy(F;) rather than over W{k) so we can apply the results 
of section 4. 
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First assume tt comes from an admissible pair {E, x) with E/F um^amificd. Then 
by Theorem 4.9 we have an isomorphism of VK(F()-algebras = i?^"'^. On the 

other hand, p is the representation Ind^^ ^, where ^ corresponds to xA via local 
class field theory, and A is the mod / reduction of A. By Proposition 5.3, i?^'"^ is 
isomorphic over VF(F/) to i?™'^. Twisting by A and applying the local class field 
theory isomorphism gives an isomorphism of i?"'"^ with i?™'^; composing these 
isomorphisms gives the desired isomorphism of i?™'^ with i?"'"^. That the induced 
map on Q;-points is the characteristic zero local Langlands correspondence is clear 
from the construction. 

Otherwise, tt either comes from an admissible pair {E,x) with E/F ramified 
or does not come from an admissible pair at all. In either case deformations of 
TT correspond to deformations of the central character of tt. By Proposition 5.2 
deformations of the representation p correspond to deformations of its determinant. 
In particular for any A-dcformation tta of tt, there is a unique A-deformation pA 
of p such that the central character of tta corresponds to uj det pA under local class 
field theory. This gives the desired isomorphism of i?^"'^ with i?""'^. Let tt be a 
Q;-point of i?"""; i.e. a lift of tt to Q/. Then the above isomorphism takes tt to 
the unique lift p of p such that uj~^ det p corresponds to the central character of tt. 
Since the representation attached to tt by (Tate normalized) local Langlands is also 
a lift of p with this determinant, the two coincide. 

It remains to show the above isomorphism descends to an isomorphism over 
W{k). Let cr be an automorphism of VF(Fi) over W{k). Then the twist (tta)"^ 
of an A-deformation tta of tt is a deformation of tt°' over the M^(F/)-algebra A"^ 
whose underlying ring is A but whose M^(Fi)-module structure is twisted by cr. 
The descent data isomorphism tt ^ tt"" allows us to identify (tta)'^ with an A"'- 
deformation of tt. This gives an action of cr on i?™''^. As p is also defined over k we 
get a similar action on i?™''^. It suffices to show that conjugating the isomorphism 
jjuniv ^ /juniv j-^y ^ induccs the same isomorphism; by uniqueness it is enough to 
check this on Q;-points. But this is simply the (standard) fact that if tt and p 
correspond under (Tate normalized) local Langlands, then so do tt"' and p"^ . □ 
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